We report numerical simulations on the number of local minima in the landscape of the Graph Bipartitioning Problem and provide an explanation in terms of the correlation length of its landscape.
Introduction
The cost function f of a combinatorial optimization problem can be regarded as a mapping of the vertex set V of a (usually huge but nite) graph ? into the real numbers. The vertex set V corresponds to the set of all possible con gurations.
The edges of the graph ? are introduced by de ning a \move set" that allows to inter-convert \neighboring" con gurations, see e.g. 5, 23, 16] . A mapping f : V ! IR has been termed landscape following a picture of evolutionary optimization originally proposed by Sewall Wright 25] .
The most important characteristic of a landscape is its ruggedness which is either quanti ed by means of a correlation measure 23, 10] or in terms of the number of local optima or peaks in the landscape 14] . Ruggedness is intimately related to the hardness of an optimization problem for heuristic algorithms 13]. We expect a close relationship between both characterizations of ruggedness, although there cannot be a simple functional relationship: di erent Ising models with Hamiltonians of the form H( ) = P i<j J ij i j with k = 1 have the same correlation measure but somewhat di erent numbers of local optima depending on the coupling constants J ij , see 2, 21] .
It is conjectured in ref. 22] that there is about one local optimum in each ball with a radius that is determined by the correlation length of the landscape. Numerical studies on Derrida's p-spin models 4] support this \correlation length conjecture" 21]. In this letter we report that the same estimate is also in excellent agreement with numerical simulations for the graph bipartitioning problem.
Correlation Length and Elementary Landscapes Weinberger 23] suggested to characterize a landscape f : V ! IR by means of the autocorrelation function r(s) of the time-series ff(x 0 ); f(x 1 ); : : :g, which is obtained by sampling the cost function f along a simple random walk 1 fx 0 ; x 1 ; : : :g in con guration space ?. We shall be concerned only with regular graphs ?, i.e., 1 A random walk of a graph is simple if the probability for moving to any one of the vertices adjacent to the current position of the random walk equals one over the number of adjacent vertices. A random walk of s steps reaches on average a distance R(s) s from its origin.
The conjecture in 22] suggests that there should be about one local optimum in a ball of radius 2 R(`) around any vertex of the graph ?. The argument is the following: The size of the big mountains will be determined by the pair correlation in \typical" landscapes. More precisely, the expected radius of a mountain massif should be comparable to the average distance R(`) because`determines the size of the large scale structures as seen along the random walk. Thus we expect at least one local optimum in each ball in ? with radius R(`). On the other hand, the high dimensionality of the con guration space ? makes local optima in the \foothills" an unlikely phenomenon | there will (almost) always be at least a few directions to walk uphill 10]. Since the overwhelming majority of con gurations in a mountain is located in the foothills (again due to the high dimensionality of ?) the number of local optima within a single mountain must be tiny as compared to its size. Hence assuming only a single one (the mountain's summit) is probably not a bad approximation. Denoting the number of vertices in a ball of radius R by B(R) we expect therefore
for a \typical" landscape with correlation length`. The meaning of \typical" will be considered in the discussion section.
The Graph Bipartitioning Problem
One of the combinatorial optimization problems which have been studied in great detail is the Graph Bipartitioning Problem (GBP) 1, 6, 7, 12, 19, 24] . Given a graph with an even number n of vertices and an associated matrix H of edge weights, the task is to nd a partition X of the vertex set W of this graph into two equal-sized subsets X and X such that the total edge weight
connecting the two subsets is minimized. As usual, we shall assume that the edge 
The landscape of a GBP with arbitrary choice of the edge weights h ij is elementary 8], ful lling:
{ 3 { for all equi-partitions X 2 J (n; n=2). 
The correlation length 3 is therefore`= D= = (n ? 1)=8 + O(1=n) irrespective of the choice of the edge weights h ij .
Local Optima 
The approximation holds as long as R n=4, the error being at most a factor O(n). Writing R = n and replacing all factorials in the binomial coe cient with All elementary landscapes for which the \correlation length conjecture" yields a good prediction are typical in the sense that they ful ll a kind of \maximum entropy" condition: they have the most general form of a cost function that is consistent with a given correlation length: Given a basis f k g of the eigenspace belonging to one can represent the cost function in the form f = f + P k a k k with i.i.d. coe cients a k . The edge weights h ij are by construction i.i.d. coecients in our case. The corresponding eigenbasis is discussed in more detail in the appendix; it is not quite orthogonal, but the deviations approach 0 for large n.
The notion of (statistical) isotropy was introduced from a purely geometric point of view 23, 18] . It is interesting to note that our notion of a \typical" landscape coincides with the de nition of *-isotropy if one requires the basis f k g to be orthonormal and the distribution of the coe cients to be Gaussian 20, Thm.3]. Using the methods in this paper it can be shown that the GBP is in fact *-isotropic, i.e., that one can construct an ONB of the -eigenspace such that the coe cients are uncorrelated with common variance and mean zero.
Landscapes that are known to deviate from the conjecture, on the other hand, have strongly constrained coe cients. In short-range Ising spin glasses most of the coupling coe cients are zero 2], and the graph matching problem can be treated as a TSP with a severely constrained distance matrix 11].
We have as yet no good explanation why the \correlation length conjecture" works so well. The increasing number of examples for its validity on graphs with quite di erent topologies and the fact that deviations seem to be related to violating a maximum-entropy (isotropy) condition render it a non-trivial relation between correlation-based and purely geometrical measures of ruggedness. 
The vectors ' pq form a basis of the eigenspace of the graph Laplacian of the Johnson graph J (n; n=2) belonging to the eigenvalue = 2(n ? 1). 
where p; q; r; s are pairwise distinct integers. The basis is almost orthogonal for large n and can be easily normalized.
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